In this paper dispersion laws for electrostatic and electromagnetic waves in a homogeneous and unmagnetized relativistic Vlasov plasma are derived. From the dispersion laws the relativistic plasma frequency, which is temperature dependent is derived. Using the standard technique of successive approximations, simple but powerful approximate relativistic dispersion laws are derived, resembling the electromagnetic dispersion law and the electrostatic Bohm-Gross dispersion law in the nonrelativistic case. The relation between the relativistic plasma frequency pe , Debye wave number k D and the thermal velocity v th,e is established. The approximate dispersion laws are compared with numerical solutions of the full dispersion laws. The full dispersion equations are transformed so that they are well suited for numerical evaluation in the temperature range where a fully relativistic treatment is needed.
I. INTRODUCTION
The dispersion law for a plasma determines the relation between the angular frequency and the wave vector k for a wave on the form exp(i(k•xϪt)). This law is a macroscopic law, opposed to the microscopic full solution to the Vlasov equation; the calculation of the dispersion laws involves taking integrals of f (x,t,v) over all velocities, v, losing the information of the exact behavior of f in v space. If k is real valued then may be real valued for undamped waves, or may be complex valued, with a positive imaginary part for exponentially growing waves or a negative imaginary part for exponentially decaying waves.
One set of solutions to the dispersion equation of an unmagnetized Vlasov plasma are the principal modes, which correspond to the dispersion laws for electrostatic waves, so-called Langmuir waves, and electromagnetic waves. Many other electrostatic wave modes exist as well but will not be considered here since they are, at least in the nonrelativistic description, always heavily damped; 1 the nonrelativistic analysis 2, 3 predicts an infinite number of heavily damped modes. For the Langmuir waves, it turns out that they are always slightly damped in the nonrelativistic case due to Landau damping, while in the relativistic case there exist completely undamped long wavelength electrostatic waves.
Dispersion laws for the nonrelativistic case have been well studied; see, for example, the textbook by Chen. 4 Even though the dispersion law for a Maxwellian plasma cannot be described exactly in terms of elementary functions, the often-used Bohm-Gross approximation for electrostatic waves and the cold plasma approximation for electromagnetic waves are in many cases sufficient for describing the wave motion. The power of these dispersion laws resides in their simplicity combined with sufficient accuracy.
In the relativistic case, which is the subject of this paper, it turns out that it is possible to derive dispersion laws, which are almost as simple as the nonrelativistic dispersion laws. The difference is that the plasma frequency in this case becomes a temperature dependent parameter, and the expression for the thermal velocity in terms of the temperature becomes more complicated than in the nonrelativistic case. For a fixed temperature it is possible to calculate the values of the plasma frequency and thermal velocity, which can then be used in the approximate relativistic dispersion laws.
Numerical evaluations of the relativistic dispersion laws has earlier been performed by Schlickeiser, 5 with the aim of studying heavily damped transient modes as well as the weakly damped principal mode. The properties of relativistic plasma dispersion functions has been studied, among others, by Melrose. 6 In the present work, dispersion laws for high frequency electrostatic and electromagnetic waves in fully relativistic, unmagnetized Vlasov plasma are derived. The derivation is restricted to a collisionless and homogeneous electron plasma in thermal equilibrium in the plasma rest frame. Approximate analytical dispersion laws are derived. They are discussed and compared with numerical solutions of the fully relativistic dispersion equation, and with the often-used nonrelativistic and ultrarelativistic approximations. The numerical solutions of the full dispersion laws are used as reference solutions.
In Sec. II we derive the electrostatic and electromagnetic permittivities, starting from the relativistic Vlasov-Maxwell system, whereafter we discuss the nonrelativistic and ultrarelativistic approximations of the permittivities. In Sec. III we derive approximations of the relativistic dispersion laws, which are then compared numerically with the full dispersion laws and with the nonrelativistic and ultrarelativistic approximations. In Secs. IV and V we discuss the results and make some conclusions about the approximate dispersion laws that we have derived.
II. MODEL EQUATIONS
Depending on the physical situation, the plasma can be characterized by a set of parameters, such as the density, n 0 , the temperature, T, the collision frequency, , the Debye length, D , etc.; see, e.g., Nishikawa 7 or NRL Plasma Formulary. 8 Using kinetic theory, one must also take the particular choice of distribution function into account.
We have chosen to study the temperature dependence on wave kinematics in an unmagnetized and collisionless homogeneous plasma with Maxwellian equilibrium distribution functions. We have concentrated on the high temperature range, where relativistic effects become important, i.e., T e Ͼ5 keV.
The fully relativistic model is valid for all temperatures whereas the nonrelativistic approximation is sufficient for low temperature plasmas, T e Ͻ5 keV. In the high end of the temperature scale, T e Ͼ500 keV, the ultrarelativistic approximation can be used.
A. Fully relativistic plasma
Often when linear wave dispersion in hot plasma is discussed, two different temperature regimes are distinguished. They correspond to the nonrelativistic and the ultrarelativistic approximations. If none of these approximations is assumed, we are faced with fully relativistic plasma. In the rest frame of the plasma, the energy E and the linear momentum vector p of an electron with mass m e are, in the SI units used throughout this paper, given by 
where v is the velocity vector and c is the speed of light in vacuum. The relativistic ␥ factor is
In Vlasov plasma, the particles are distributed in momentum space. Expectation values of physical quantities are obtained in the form of moments, with the particle distribution function, f (x,t,p), acting as a weight function. The plasma dynamics is governed by the relativistic Vlasov equation 9, 10 ‫ץ‬ f ‫ץ‬t
where the electric and magnetic fields, E and B, respectively, obeys Faraday's and Ampère's laws
from which we obtain the electric field wave equation
͑5͒
The current density, j, is understood as the first-order linear momentum expression 
where the dependent variables without superscripts or subscripts denote first order terms. The forms of the wave equation ͑5͒ and the current density ͑6͒ remain unchanged during this linearization process. We assume that the dynamic quantities f, j and E vary as plane waves, i.e., can be represented by Fourier components
Solving for f we obtain formally
The Fourier transform of the wave equation ͑5͒ can now be written
͑10͒
where the rank two tensor (k,) is the conductivity tensor which, in the linear approximation assumed, is connected to the current density j via Ohm's law
The permittivity tensor (k,), is then given by
We now choose the z axis along the direction of the wave vector k and pϭp͑sin cos x ϩsin sin ŷ ϩcos ẑ ͒. ͑13͒
The permittivity tensor ͑12͒ then becomes diagonal, with elements xx ϭ yy ϭ T and zz ϭ L , T and L denoting the transverse and the longitudinal permittivities, respectively. These quantities can be written
␥m e ϩkp ͬͮ dp,
␥m e ϩkp ͬͮ dp. ͑14b͒
We now assume that the equilibrium distribution is a relativistic Maxwellian, i.e., the Jüttner-Synge distribution
where K 2 () is a modified Bessel function and is given by
The normalization is chosen so that the density n 0 is defined as
If we introduce the normalized wave frequency and wave number according to
where
is the nonrelativistic electron plasma frequency, and insert the Jüttner-Synge distribution ͑15͒ into the expressions for the longitudinal and transverse permittivities, Eqs. ͑14a͒ and ͑14b͒, respectively, these become
Applying the integral representation of the modified Bessel function
given by, e.g., Formula ͑9.6.23͒ in Abramowitz and Stegun 11 we find that
By making the substitution
͑23͒
in Eqs. ͑20a͒ and ͑20b͒, bringing the differentiation operator outside the integrals and then integrating by parts, one obtains the relation
For real-valued ⍀ 2 ϽK 2 the integrand in the right-hand side has a simple pole in the interval ͓1,ϱ) of the real ␥ axis. In this case and in general, for complex valued ⍀, the integral must be continued analytically according to the Landau rule, 12 which states that the path of integration must be deformed so that simple poles of the integrand are passed from below. This leads us to introduce an unmagnetized relativistic plasma dispersion function, 10 defined as 
͑26͒
In terms of this function, the permittivities can be written
B. Nonrelativistic plasma
In the nonrelativistic approximation one assumes that the majority of the electrons have linear momenta p which fulfill p 2 /m e 2 c 2 Ӷ1. Taylor expansions of ͑1a͒ and ͑1b͒ then yield
pϷm e v, ͑28b͒
respectively. In the nonrelativistic approximation, Eqs. ͑28a͒ and ͑28b͒, the relativistic Vlasov equation ͑3͒ becomes the standard Vlasov equation
The wave equation ͑5͒ remains unchanged but the current density ͑6͒ now becomes
After linearizing and Fourier transforming the set of equations and using the equilibrium nonrelativistic Maxwellian distribution
one obtains, as is well known from the standard literature, the permittivities
The nonrelativistic plasma dispersion function 13 is given by
with given by ͑26͒ for all ⍀.
C. Ultrarelativistic plasma
In the ultrarelativistic approximation we make instead the assumption p 2 /m e 2 c 2 ӷ1. In this case we can approximate
In the ultrarelativistic approximation, ͑34a͒ and ͑34b͒, the relativistic Vlasov equation ͑3͒ becomes
As in the nonrelativistic approximation, the electric field wave equation ͑5͒ remains unchanged but the current density expression ͑6͒ now becomes
After linearizing and Fourier transforming the set of equations as usual but using the equilibrium ultrarelativistic Maxwellian
one obtains, with the appropriate analytical continuation, the permittivities
III. LINEAR WAVE DISPERSION LAWS
From the Fourier transformed wave equation ͑10͒ it follows that nontrivial solutions are found if the dispersion equation
is fulfilled. Since, to the best of our knowledge, it is not possible to solve this equation analytically in terms of wellstudied functions, we will consider approximate analytical solutions which can be compared with the numerical reference solution to be discussed at the end of this section. Contrary to the nonrelativistic approximation, where the relevant expansion variable is the argument of the nonrelativistic plasma dispersion function ͑33͒, the temperature dependence is in a fully relativistic plasma inseparable from the wavelength and the wave frequency. The relevant expansion variables are in this case the refractive index, K/⍀, and the inverse temperature parameter . We must therefore choose which variable should be considered first, and have chosen to use K/⍀ as an expansion variable, leaving as a free parameter in the resulting dispersion equation. Once the approximate solution ⍀ϭ⍀(K,) has been found, approximations for a specific temperature range can be made a posteriori, if desired.
A. Electrostatic dispersion laws
The dispersion equation for electrostatic Langmuir waves, L ϭ0, follows from ͑39͒.
Analytical solutions
An important plasma parameter is the plasma frequency pe , which can be obtained from the electrostatic dispersion L ϭ0 equation for Kϭ0 and which thereby marks the beginning of the dispersion curve. To approximate the longitudinal permittivity ͑27a͒ we have therefore chosen to consider the long wavelength limit K 2 Ӷ⍀ 2 for real valued ⍀ϭ⍀ R . A Taylor expansion of the integrand in the relativistic plasma dispersion function ͑25͒ about K 2 ϭ0 yields 1
Inserting this expansion into ͑25͒ with ϭ0 and using the Meijer G function, 15 we obtain
The Meijer G function can be defined in terms of an inverse Mellin transform
The specific path of integration, L, as well as the definition given here, and other properties are given by, e.g., Gradshteyn and Ryzhik. 16 An algorithm for computing formula instances of the Meijer G function is discussed in Ref. 17 . Based on properties of the Meijer G function, Adamchik and Mariechev have developed an algorithm for calculating integrals of hypergeometric type functions. 18 Asymptotic expansions for large arguments of the Meijer G function has been studied by, e.g., Fields 19 and Prudnikov et al. have devoted a large body of work on the evaluation of integrals in general 20, 21, 15 and, in particular, on the Mellin transform.
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Using ͑41͒, the long wavelength approximation of the longitudinal permittivity ͑27a͒ can be written
͑43͒
Truncating the series at nϭ1 we obtain the approximate dispersion equation
Solving L ϭ0 for ⍀ 2 with Kϭ0, we obtain the relativistic plasma frequency
which is an exact result. By setting ⍀ 2 ϭ⍀ p 2 in the correction term in ͑44͒, the long wavelength electrostatic dispersion law becomes
In nonrelativistic theory, it is common to make use of the Debye wave number k D , which is related to the plasma frequency pe 
The relativistic thermal velocity V th 2 is defined in terms of the expectation value V th
Using ͑47͒ and the definitions ͑45͒ and ͑48͒, the relativistic Debye wave number K D 2 can now be calculated. We find that
which leads exactly to the nonrelativistic expression for k D .
In Fig. 1 we have plotted the exact relativistic normalized squared plasma frequency ⍀ p 2 and thermal velocity V th 2 given by Eqs. ͑45͒ and ͑48͒, respectively, for hightemperature plasma. Using the Meijer G function, the integral formula in ͑49͒ can be generalized. 10 If we already, in the permittivity tensor ͑12͒, make the expansion for small k, before integrating over the angles, the long wavelength expansion of L can be written
which, in terms of the Meijer G function, is identical to expansion ͑43͒. Comparing expansion ͑43͒ with ͑50͒ yields a generalized integral formula for arbitrary and n such that the integrals converge. Applicable to low-temperature plasma, the standard, nonrelativistic, longitudinal long wavelength dispersion law can be derived from ͑32a͒. By applying the asymptotic expansion for large arguments of the nonrelativistic plasma dispersion function ͑33͒,
with d 0 ϭ1 and d nϩ1 ϭ(nϩ1/2)d n , 13,23 one obtains to lowest order
where the imaginary contribution in ͑51͒ have been neglected. Using ⍀ 2 ϭ1 in the correction term we obtain the standard Bohm-Gross dispersion law
A low-temperature relativistic plasma is often referred to as a weakly relativistic plasma. In this case ӷ1 is inferred. We can derive an asymptotic expansion for large arguments of the permittivity ͑50͒, and hence this instance of the Meijer G function, by considering the integral
A Taylor expansion of the integrand for large then yields the desired expansion. As for the modified Bessel function in ͑50͒ we make use of the asymptotic expansion for large arguments,
which we truncate at some mϭM . Here, Hankel's symbol
Using the Taylor expansion of ͑54͒ and the modified Bessel function ͑55͒ in ͑50͒ we obtain, to order Ϫ1 , the weakly relativistic permittivity
͑57͒
The weakly relativistic dispersion law then becomes
which may be used for moderately high temperatures, Ͼ10.
On the other hand, expanding the factor multiplying K 
where the last equality is according to Eq. ͑49͒. This approximation is valid in a larger temperature range than ͑58͒ and becomes exact for Kϭ0. It resembles the usual BohmGross relation used in the nonrelativistic case. Applicable to high-temperature plasma, the longitudinal ultrarelativistic permittivity ͑38a͒ can in the long wavelength limit be approximated by
͑60͒
For Kϭ0 we obtain the ultrarelativistic plasma frequency 14 ⍀ p,ultra 2 ϭ/3, which corresponds to setting V th 2 ϭ1 in ͑47͒. Hence, K D 2 ϭ/3 also in the ultrarelativistic approximation. The ultrarelativistic, long wavelength electrostatic dispersion law is obtained by setting ⍀ 2 ϭ/3 in the correction term in ͑60͒ and becomes
which follows from ͑60͒ by setting ⍀ 2 ϭ/3 in the correction term.
In Figs. 2, 3 , and 4 we have compared the relativistic approximate dispersion law ͑46͒ against the numerical solution in three different, but overlapping, temperature ranges corresponding to 5-50 keV, 50-500 keV, and 0.5-5 MeV, respectively. The nonrelativistic Bohm-Gross dispersion law ͑53͒ and the approximate ultrarelativistic dispersion law ͑61͒ are also indicated in these figures.
We have so far only considered real valued solutions to the dispersion equation L ϭ0. In general, ⍀ is complex valued. We wish to find an approximate expression also for the imaginary part of ⍀. Denoting the real and imaginary parts of ⍀ by ⍀ R and ⍀ I , respectively, and assuming that ⍀ I Ӷ⍀ R , we can Taylor expand L about ⍀ R . According to the standard prescription, 24 we first split L into two parts,
Expanding to first order in ⍀ I and taking the real and imaginary part we obtain
Using ͑27a͒ with ϭ1 we have
Temperature range 5-50 keV. Dispersion curves for electrostatic waves, showing the real part of ⍀ R vs the normalized wave number K in the nonrelativistic temperature range. The solid lines correspond to the numerical solutions at ϭ10 and ϭ100 and the dashed lines to the corresponding approximate relativistic dispersion law ͑46͒. The dotted line corresponds to the Bohm-Gross dispersion law ͑53͒ at ϭ100. The relativistic frequency downshift for ϭ100 is ϳ1%.
FIG. 3.
Temperature range 50-500 keV. Dispersion curves for electrostatic waves, showing the real part of the normalized wave frequency ⍀ vs the normalized wave number K for moderately high temperature plasma. The solid lines correspond to the numerical solutions at ϭ1 and ϭ10, and the dashed lines to the corresponding approximate relativistic dispersion law ͑46͒. The dotted line corresponds to the Bohm-Gross dispersion law ͑53͒ at ϭ10. The relativistic frequency downshift is appreciable also at moderate temperatures, e.g., for ϭ10 this downshift is ϳ10%.
FIG. 4.
Temperature range 0.5-5 MeV. Dispersion curves for electrostatic waves, showing the real part of the normalized wave frequency ⍀ vs the normalized wave number K in the ultrarelativistic temperature range. The solid line corresponds to the numerical solution at ϭ1 and the dashed lines to the approximate relativistic dispersion law ͑46͒ at ϭ0.1 and ϭ1. The dotted lines correspond to the approximate ultrarelativistic dispersion law ͑61͒ at ϭ0.1 and ϭ1. Notice the one-to-one correspondence between the approximate relativistic and ultrarelativistic dispersion curves at ϭ0.1.
A crude assumption is then to use
given by ͑45͒. The decrement can then be approximated by
If one furthermore assume K 2 ӷ⍀ p 2 and ӷ1 one obtains the corresponding nonrelativistic expression
͑65͒
For high temperature plasma, Ͻ1, one could use the ultrarelativistic permittivity ͑60͒. Another approach is to expand L (R) about N 2 ϭ1, i.e., where Landau damping first sets in. In either case is the decrement predicted by the standard prescription, i.e., Eqs. ͑62a͒ and ͑62b͒, unsatisfactory, and is in general too large when compared to the numerical solution. The problem to find an analytical expression which gives a satisfactory description of Landau damping persists. We have therefore chosen not to compare, in more detail, the approximate analytical decrement obtained here with the decrement predicted by the numerical solution, and which is drawn in Fig. 5. 
Numerical solution
Performing the ‫ץ‬ 2 ‫ץ/‬ 2 differentiation and using the definition ͑25͒ of P(,K/⍀), the longitudinal permittivity ͑27a͒ becomes
with ϭ2 for Im͓⍀͔Ͻ0. With a change of variables
The decrement ⍀ I /⍀ R vs the normalized wave number K for electrostatic waves. The curves represent the numerical solution at ϭ1, ϭ10, and ϭ100, corresponding to ϳ500, 50, and 5 keV plasma, respectively. For ϭ1 the decrement has a minimum value at KϷ2 and then the Landau damping decreases for shorter wavelengths in high temperature plasma. which is a form well suited for numerical evaluation. The domain of integration was subdivided into 100 subpanels, on which a seven-point Gaussian quadrature was applied. Based on the analytical results discussed in the preceding section, we have chosen to solve the longitudinal dispersion equation L ϭ0 numerically for temperatures in the 5-500 keV range, i.e., where neither the nonrelativistic nor the ultrarelativistic approximation applies. As for the wavenumber dependency of ⍀ we have chosen a maximum value of Kϭ5, which in the specified temperature range is reasonable, since we wish to concentrate on weakly damped waves. The real and imaginary solutions, ⍀ R (,K) and ⍀ I (,K) are presented in Figs. 6 and 7 , respectively, in the form of contour plots in the (log 10 (),K) plane. The real solutions ⍀ R (,K) for ϭ1, ϭ10, and ϭ100 is also presented as ⍀ R vs K curves in the overlapping Figs. 2, 3 , and 4, for comparison with the analytical approximations. Figure 5 shows the corresponding imaginary ⍀ I /⍀ R vs K curves.
B. Electromagnetic dispersion laws
The dispersion equation for transverse waves follows from ͑39͒ and can be written
In the following we will consider real-valued solutions ⍀(,K) to this equation.
Analytical solutions
In vacuum, the transverse permittivity is given by T ϭ1, which follows directly from the source-free Maxwell equations. In the cold plasma model one has T ϭ1Ϫ1/⍀ 2 leading to the transverse dispersion law ⍀ 2 ϭ1ϩK 2 . This is also the dispersion law one obtains for a nonrelativistic Maxwell-Vlasov plasma when higher order thermal corrections are discarded. One can then ask the question whether an approximate relativistic transverse dispersion law could be found by simply replacing the unit plasma frequency in the cold permittivity by the fully relativistic plasma frequency ⍀ p ?
We shall here show that this is actually the case, and that the corresponding dispersion law shows very good agreement with the numerical solution.
A straightforward method for expanding the fully relativistic transverse permittivity function T for K 2 Ӷ⍀ 2 is to make the expansion for small k already in the permittivity tensor ͑12͒ before integrating out the angles. We obtain
͑71͒
Inserting this expression into the dispersion equation ͑70͒ and truncating the expansion at nϭ0 we obtain the promised dispersion law
Having made the expansion in K 2 /⍀ 2 one could argue that also the nϭ1 term should be kept for consistency. However, this term yields an almost unrecognizable correction which we choose to discard in favor of the simple form of the electromagnetic dispersion law ͑72͒. This dispersion law is further simplified for ultrarelativistic temperatures by approximating ⍀ p 2 Ϸ⍀ p,ultra 2 ϭ/3, a result which can be derived directly by an expansion of the ultrarelativistic permit- tivity ͑38b͒ for small K 2 . Needless to say, the nonrelativistic expression is obtained by using ⍀ p 2 ϭ1. In Fig. 8 we have compared the approximate dispersion law ͑72͒ against the numerical solution for ϭ1 and ϭ10. For ϭ100 we have used the nonrelativistic ͑cold͒ dispersion law and for ϭ0.1 the ultrarelativistic dispersion law for comparison. A nearly one-to-one correspondence is found in all four cases.
Numerical solution
The numerical evaluation of the transverse permittivity ͑27b͒ was performed in using the same technique as for the numerical evaluation of the longitudinal permittivity ͑27a͒, i.e., using the definition ͑25͒ of P(,K/⍀) and performing the ‫ץ‬ 2 ‫ץ/‬ 2 derivation along with the substitution ͑67͒. Based on the analytical results discussed in the preceding section, we choose to solve the transverse dispersion equation numerically for temperatures in the 5-500 keV range. As for the wave-number dependency of ⍀ we choose a maximum value of Kϭ5. The real solution, ⍀(,K), is presented in Fig. 9 in the form of contour plots in the (log 10 (),K) plane. The solution ⍀(,K) for ϭ0.1, ϭ1, ϭ10, and ϭ100 is also presented as ⍀ R vs K curves in Fig. 8 for comparison with the analytical approximations.
IV. DISCUSSION
In solving the fully relativistic dispersion equation, either analytically or numerically, one has to deal with complicated integrals. We have slightly reduced the complications by defining a relativistic plasma dispersion function P(,K/⍀) which is used in both the longitudinal and the transverse permittivity functions, Eqs. ͑27a͒ and ͑27b͒, respectively. At the two points K/⍀ϭ1, corresponding to waves with the phase speed the same as the speed of light, and K/⍀ϭ0, corresponding to infinite wavelength oscillations, the function P(,K/⍀) can be evaluated exactly in terms of modified Bessel and Meijer G functions. Approximations of P(,K/⍀) can be derived in terms of expansions about these two points. The long wavelength approximation K 2 Ӷ⍀ 2 and the use of the Meijer G function has thereby proved to be useful tools for deriving analytical dispersion laws. For the longitudinal dispersion law ͑46͒, the approximation of the real part of ⍀ is most accurate for supraluminal waves, in the surrounding of Kϭ0, when compared to the numerical solutions. Despite the fairly good accuracy also for subluminal waves, it has proved difficult to derive an accurate approximate expression for the decrement ⍀ I /⍀ R . A better knowledge of the analytical properties of P(,K/⍀) is therefore needed to give a satisfactory description.
For the transverse dispersion law, the simple approximation ͑72͒ of ⍀ has proved to give an accurate description in the whole parameter range, when compared to the numerical solution. Its simple form has led us to reconsider the BohmGross dispersion law also for electrostatic waves. By simply replacing the unit plasma frequency in ͑53͒ by the relativistic plasma frequency ⍀ p 2 , one obtains the approximate dispersion law (59), which can be used for higher temperatures than the simpler weakly relativistic dispersion law ͑58͒. These formulas for the electrostatic law together with the transverse dispersion law ͑72͒ provide a set of simple but powerful dispersion laws for electrostatic and electromagnetic waves in moderately high temperature plasmas.
In the present work we have used some analytic methods, in order to obtain simple approximations of dispersion laws for the simplest case of electrostatic and electromagnetic waves in an unmagnetized relativistic plasma. The more general case of a magnetized plasma is subject for further research, but we are convinced that some of the methods in this work can be used to achieve simpler dispersion laws also in the more complicated case of magnetized plasma. Some research in that direction has been made by Bergman.
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V. CONCLUSIONS
A relativistically correct description of the dispersive properties of waves in unmagnetized plasma is important in the 5 -500 keV electron temperature range. For lower temperatures the nonrelativistic approximation is applicable and for higher temperatures the ultrarelativistic approximation can be used. We have introduced a relativistic plasma dispersion function, P(,K/⍀), which has proven useful both in the analytical and the numerical work. A particular form of P(,K/⍀), suitable for numerical evaluation, has been derived. Approximate dispersion laws for the real part of the wave frequency have been derived by applying the long wavelength approximation and using the Meijer G function for expressing the hypergeometric type integrals obtained from the expansion of P(,K/⍀). Using the Meijer G function we have derived an exact expression for the relativistic plasma frequency and shown that the relation between the plasma frequency and the thermal velocity holds also for a fully relativistic Maxwellian plasma. We have not been able to derive a useful analytic expression for the Landau damping. A better knowledge of the analytical properties of P(,K/⍀) is therefore needed. This may be of some importance, since it has bearing on the physical understanding of the higher order weakly damped subluminal, longitudinal and transverse, wave modes predicted by the relativistic analysis. 5 We conclude this paper by pointing out the expressions ͑72͒ and ͑59͒ as being a set of particularly simple but powerful dispersion laws.
